We consider the inverse scattering problem of determining the
Introduction
The inverse scattering problem we consider in this paper , respectively and e ij denotes the common egde of two adjacent faces Γ i and Γ j . Let ν denote the unit outward normal defined almost everywhere on Γ. The direct scattering problem for the scattering of a time harmonic electromagnetic plane wave by a partially coated perfect conductor D is to find total electric field E and magnetic field H satisfying curl E − ikH = 0 (2.1) curl H + ikE = 0 (2.2) in R 3 \ D. In particular, the total fields E and H are given by
where E s , H s are the scattered electric and magnetic field, respectively, satisfying the Silver Müller radiation condition where k > 0 is the wave number, d ∈ Ω is a unit vector giving the direction of propagation and p is the polarization vector, where Ω := {x ∈ R 3 : |x| = 1} denotes the unit sphere. On the uncoated part Γ D of the boundary Γ the total electric field satisfies the perfectly conducting boundary condition, i.e.
We consider here the case where the coating of the portion Γ I of the boundary Γ is made of an anisotropic material and, as a first approximation of the field inside the thin anisotropic coating, we assume that the total electric and magnetic field satisfies the impedance boundary condition on Γ I , (see [9] , [10] and [14] )
where Λ is the real valued tensor impedance which is a function of coating's parameters and the geometry of the coated portion of the boundary Γ I . Obviously, Λ maps a vector tangential to Γ I at a point x ∈ Γ I to a vector tangential to Γ I at the same point x ∈ Γ I . To be more precisely, on a smooth face Γ j I let ν(x) be the smooth outward unit normal vector function to D and lett 1 (x) andt 2 (x) be two perpendicular vector on the tangential plane to Γ j I at the point x such thatt 1 ,t 2 , ν form a right hand coordinative system with origin at x. Hence the matrix Λ(x) is given by the following dyadic expression or as known as the local impedance match
(2.10)
Note that, for instance, if ξ(x) = αt 1 (x) + βt 2 (x) for some α, β ∈ C, then Λ(x) · ξ(x) is the tangential vector given by
From physical considerations we assume that λ 12 (x) = λ 21 (x) for all x ∈ Γ j I , j = 1 · · · N I and, in the following, we refer to this property of Λ as symmetric tensor. Now, if we express the magnetic fields in terms of corresponding electric fields, the direct scattering problem for a perfect conductor partially coated with a thin anisotropic dielectric material can be written as
where
is the incident electric plane wave given by (2.6). In the following we assume that the symmetric tensor Λ is in
2 where γ > 0 is a positive constant (independent of x), for every point x ∈ Γ j I , j = 0 · · · N I and every vector ξ ∈ C 3 tangential to Γ I at x. We remark that it is reasonable to assume that γ is independent of x. Indeed, if ξ(x) = αt 1 (x) + βt 2 (x) for some α, β ∈ C, then
and the coefficients λ ij (x) involve the physical parameters of the coating and the choosen coordinative system on the tangential plane at the point x. Rouphly speaking, although the impedance changes with direction, it does not become arbitrary small in any point. For latter use we also formulate the interior mixed boundary problem related to the scattering problem (2.11)-(2.14)
In order to investigate mathematically both problems (2.11)-(2.14) and (2.15)-(2.17), we need to define the following Sobolev spaces
and introduce the space
equipped with the natural norm
For the exterior domain D e we define the above spaces in the same way for every D e ∩ B R , with B R a ball of radius R, and denote these spaces by H loc (curl , D e ) and X loc (D e , Γ I ), respectively. Furthermore we introduce the trace space of X on the complementary part Γ D by
where the ball B R contains D and
where the infimum is taken over all functions
is in fact a Hilbert space (for more details in this trace space see [3] ).
Exactly in the same way as in [3] (see also [13] ) by using variational techniques, one can show that both the above mixed boundary value problems and we state the result in the following theorem.
There exists a unique solution
Here C 1 > 0 and C 2 > 0 are constants independent of f , h, but C 1 depends on the radius R of the ball B R .
The scattered electric field E s has the asymptotic behavior [6] 
as |x| → ∞, where E ∞ is a tangential vector field defined on the unit sphere Ω and known as the electric far field pattern.
The inverse problem we consider here is to determine the surface tensor impedance Λ in L ∞ (Γ I ) from a knowledge of E ∞ (x, d, p) for d ∈ Ω 0 ,x ∈ Ω 1 and two linearly independent polarization perpendicular to each d, where Ω 0 and Ω 1 are open subsets of the unit sphere Ω. In the following investigation we assume that E ∞ (x, d, p) is known for all d,x ∈ Ω. All theoretical results obtained here hold true for the case of limited aperture incident and observation directions due to the analycity of the far field pattern and Section 3.2 in [1] . We end this sections by introducing the main tools employed in our investigation
The electric far field pattern define the far field operator F :
is the space of square integrable unit vectors tangential to Ω. Note that by superposition F g is the electric far field pattern of the exterior mixed boundary value problem (2.11)-(2.14) with E i := ikE g where E g is the electric field of an electromagnetic Herglotz pair with kernel g given by
It is easily seen that E g , H g is an entire solution of the Maxwell's equations. We also introduce the electric dipole with polarization q defined by
where Φ is the fundamental solution of Helmholtz equation in R 3 defined by
If z ∈ D then E e (x, z, q) and H e (x, z, q) satisfy Maxwell's equations in IR 3 \ D and the corresponding electric far field pattern E e,∞ (x, z, q) is given by
Finally, we recall the far field equation
where F g is given by (2.20). We have the following result (see [3] , Theorem 3.2):
Then for every > 0 there exists an electric Herglotz wave function
Furthermore, as → 0, E g z converges in the X(D, Γ I )-norm to the unique solution E z ∈ X(D, Γ I ) of the interior mixed boundary value problem
The above theorem is the basis of the linear sampling method for the reconstruction of D which developed [3] for the case of a scalar valued function surface impedance. The results of [3] hold true word by word for the case of tensor surface impedance as well. Note that the linear sampling method provides a reconstruction of D without knowing a priori whether the scatterer is coated or not,and if so what is the extend and the nature of coating. Therefore, although we assume that D is known and consider only the reconstruction of Λ, this is not a restriction, since a reconstruction of D can always be obtained before hand by using the linear sampling method. (Note also that the data we use here uniquely determines D [11] , [5] .)
Uniqueness of Λ
Here we show that Λ in L ∞ (Γ I ) under the assumptions stated in the previous section is uniquely determined from a knowledge of E ∞ (x, d, p) for d ∈ Ω 0 ,x ∈ Ω 1 and two linearly independent polarization perpendicular to each d, where Ω 0 and Ω 1 are open subsets of the unit sphere Ω. To this end we prove the following equality.
Theorem 3.1 Let E g be the electric Herglotz wave function with kernel g defined by (2.21) and let E s g ∈ X loc (R 3 \D, Γ I ) be the solution of (2.11)-(2.14) with incident wave E i replaced by E g . Then
where u := (ν × u) × ν, F is the far field operator, (·, ·) is the inner product over L 2 (Ω) and the integral is understood in the L curl E s then (see [6] ) 
Now let E s g ∈ X loc (R 3 \D, Γ I ) be the solution of (2.11)-(2.14) with incident wave E i replaced by the Herglotz wave function E g with kernel g. Then, using the boundary conditions for E s g + E g together with (3.2) and (3.3), and in addition making use of the fact that the tensor surface impedance is symmetric and of real values we have that
Finally, dividing by 2ik proves the theorem.
Theorem 3.2 Let E g be the electric Herglotz wave function with kernel g defined by (2.21) and let E s g ∈ X loc (R 3 \D, Γ I ) be the solution of (2.11)-(2.14) with incident wave E i replaced by E g . Define
for all f := (E s g + E g ) ∈ B then ϕ = 0. Suppose (3.4) is true for all such (E s g + E g ) and let U ∈ X loc (R 3 \ D, Γ I ) be the unique solution of
) on Γ D , using the boundary conditions and the integral representation formula, we have that
Since the matrix Λ is symmetric and the boundary condition for E s g + E g we can further continue
Since both E s g and U are radiating solutions of the Maxwell equation we have that the first integral is zero and hence we conclude that
This implies that
whence U ∞ (d) = 0 which implies U = 0 by Rellich's lemma. Hence ϕ = 0.
We are now ready to prove the following uniqueness theorem. We assume that ∂D is fixed and let Ω 0 and Ω 1 be two open subsets (possibly the same) of the unit sphere Ω. Proof: Since E ∞ (x, d, p) is a real analytic function ofx and d on Ω × Ω for a fixed polarization p and linear on p, the hypothesis of the theorem imply that
For arbitrary fixed d ∈ Ω and p ∈ R 3 , from Rellich's lemma we have that the corresponding scattered fields E
In particular, by the trace theorem the Cauchy data of E
Hence by Holmgren's theorem and the boundary condition satisfied by E s n (· , d, p), n = 1, 2 we first conclude that Γ I1 = Γ I2 := Γ I (note that only one incident wave is needed to conclude that the support of the coatings coincide). Next, by linearity we have that E
gn is the solution of (2.11)-(2.14) with incident wave E i replaced by the electric Herglotz wave function E g with kernel g ∈ L 2 t (Ω) and Λ = Λ n supported on the same Γ I , for n = 1, 2. From Theorem 3.1 we have that
and from Theorem 3.2
Viewing the L ∞ (Γ I ) the symmetric matrix valued function Λ 1 −Λ 2 as a self-adjoint operator on L 2 t (Γ I ) the latter and the smoothness of Λ 1 and Λ 2 on each smooth face Γ [12] ) which proves the uniqueness for both the support of the coating and the surface impedance.
Remark 3.1 In the case of a piece-wise smooth scalar impedance function, it is known [7] that the far field pattern corresponding to one fixed d and p uniquely determines the support of the coating as well as the impedance function. In our case of a matrix impedance, one incident wave determines uniquely the support of the coating Γ I but not the matrix impedance Λ. This can be seen from the following observation. Let Λ be given and satisfy the assumptions stated in Section 2, and let Γ j I be one of the smooth coated faces. Let E s be the solution (2.11)-(2.14) corresponding to this Λ and the incident plane wave E i for a given incidence direction d ∈ Ω and polarization p ∈ R 3 perpendicular to d. For an arbitrary but fixed x ∈ Γ j I , we denote by U ∈ R 2 the unit vector in the direction of
and by V ∈ R 2 a unit vector orthogonal to U . Next we construct a positive symmetric matrix valued functionΛ on Γ j I such that for the fixed
The smoothness of Γ 
is not identically zero and Λ + aΛ satisfies the assumptions stated in Section 2. Hence the impedance condition
can also be written as
Finally the uniqueness for (2.11)-(2.14) with Λ replaced by Λ + aΛ implies that Λ + aΛ produce the same far field pattern as Λ. Conversely, if Λ 1 and Λ 2 give rise to the same far field pattern for a fixed incident plane wave E i then from Rellich's lemma we have that the corresponding scattered fields E 
Hence Λ 1 and Λ 2 differs by a(x)Λ where a ∈ C(Γ j I ), j = 1 . . . N j andΛ is defined as in (3.9).
The above observation shows that one incident plane wave, i.e the far field pattern of the scattered field corresponding to one fixed incident direction d ∈ Ω and one polarization p ⊥ d uniquely determines the support of the coating Γ I and determines the matrix impedance up to a scalar function, continuous on any smooth face Γ j I , j = 1 . . . N j .
Reconstruction of Λ
Let z ∈ D and let E z be the unique solution of (2.26)-(2.28). Define
and let u := (ν × u) × ν be the tangential component of a function u ∈ H(curl, D). Note that (W z ) | Γ I ∈ L Lemma 4.1 For every two points z 1 and z 2 in D and polarization q ∈ R 3 we have that
where W z 1 , W z 2 are defined by (4.1), and
Proof. By applying the second vector Green's formula and using the boundary conditions for E z 1 and E z 2 on Γ we obtain
One can easily see that if E ∈ H(curl, D) and H = 1 ik curl E is a solution of Maxwell's equations and z ∈ D, we have
and therefore from the Stratton-Chu formula Γ ν × E e (y, z, q) · curl y E(y) − ν × E(y) · curl y E e (y, z, q) = ikq · E(z). Moreover (see [8] ), Γ ν × E e (·, z 1 , q) · curl E e (·, z 2 , q) − ν × E e (·, z 2 , q) · curl E e (·, z 1 , q) ds
Ω E e,∞ (·, z 1 , q) · E e,∞ (·, z 2 , q)ds with j 0 and j 2 being spherical Bessel functions of order 0 and 2, respectively, and φ is the angle between (z 1 − z 2 ) and q. Hence using (4.4) and (4.5) in (4.3) and dividing both sides of (4.3) by i yield the result.
Next we consider a subset H of L rewrite the above as follows
[−E · (ν × curl E e (·, z, q)) + ikE Λ · E e (·, z, q)] ds
[E e (·, z, q) · (ν × curl E) − E · (ν × curl E e (·, z, q))] ds = − Γ [(ν × E e (·, z, q)) · curl E − (ν × E) · curl E e (·, z, q)] ds = ikq · E(z).
Thus q · E(z) = 0 holds for all polarizations q ∈ R 3 and z ∈ B r and hence E(z) = 0 for z ∈ B r . By the unique continuation principle for the solution of Maxwell's equations in D we now see that E ≡ 0 in D, whence by the trace theorem ϕ ≡ 0 which proves the lemma.
We recall that from Theorem 2.2, E z can be approximated by E g z where g z is the approximate (regularized) solution of the far field equation. Equation (4.2) can now be seen as an integral equation of the first kind for Λ. Using Lemma 4.2, it is easy to see in the same way as in the proof of Theorem 3.2 that left hand side of this equation is an injective compact integral operator with positive kernel defined on the subset of positive functions of L ∞ (Γ I ) onto L 2 (B r ).
